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dimensional integer lattice Zd for a general positive integer d ≥ 2, which we call the d-dimensional
open QBN walk. We obtain a quantum channel representation of the d-dimensional open QBN
walk, and find that it admits the “separability-preserving” property. We prove that, for a wide
range of choices of its initial state, the d-dimensional open QBN walk has a limit probability
distribution of d-dimensional Gauss type. Finally we unveil links between the d-dimensional open
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1 Introduction
Open quantum walks (OQW for short) are also known as open quantum random walks, which
are quantum analogs of classical Markov chains in probability theory. As a new type of quantum
walks, OQWs are finding application in the generalisations of the theory of quantum probability,
and have potential application in dissipative quantum computation, quantum state engineering
and transport in mesoscopic systems [12].
Unlike unitary quantum walks (UQW for short), which have been well studied (see [4, 5, 13]
and references therein), the dynamics of OQWs are non-unitary due to the effects of the local
environments. Indeed, OQWs, step by step, describe typically quantum behaviors, but seem to
show up a rather classical asymptotic behavior [2].
The first model of OQW was introduced by Attal, Petruccione, Sabot and Sinayskiy in 2012
(see [1] for details). Since then, much attention has been paid to OQWs. Attal et al [2] established
the central limit theorem (CLT) for a class of homogeneous OQWs on Zd with a unique invariant
state. Konno and Yoo [6] applied the CLT to the study of limit probability distributions for
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various OQWs. Sadowski and Pawela [9] investigated a generalisation of the CLT for the case
of nonhomogenous OQWs. Sinayskiy and Petruccione examined the properties of OQWs on the
1-dimensional integer lattice Z for the case of simultaneously diagonalisable transition operators
[11]. Carbone and Pautrat [3], from a perspective of classical Markov chain, introduced notions
of irreducibility, period, communicating classes for OQWs. Lardizabal [7] defined a notion of
hitting time for OQWs and obtained some useful formulas for certain cases. There are many
other researches on OQWs (see the recent survey article [12] by Sinayskiy and Petruccione and
references therein).
From a physical point of view, OQWs are quantum walks where the transitions between the
sites (or vertices) are driven by the interaction with an environment, which can cause dissipation
and decoherence. This suggests that the effects of an environment play an important role in the
time evolution of the involved OQW. On the other hand, quantum Bernoulli noises [14] have
turned out to be an alternative approach to the environment of an open quantum system (see,
e.g. [16] and references therein). It is then natural to apply quantum Bernoulli noises to the
study of OQWs.
In 2018, by using quantum Bernoulli noises, Wang et al [17] introduced a model of OQW on
the 1-dimensional integer lattice Z, which we call the 1-dimensional open QBN walk below.
In this paper, we would like to extend the 1-dimensional open QBN walk to a higher-dimensional
case. More specifically, for a general integer d ≥ 2, we will introduce a model of OQW on the
d-dimensional integer lattice Zd in terms of quantum Bernoulli noises and examine its dynamical
behavior from a perspective of probability distribution. Our main work is as follows. LetH be the
space of square integrable Bernoulli functionals and T (d)(H) the set of d-dimensional nucleuses
on H (see Definition 2.2 for its exact meaning).
• By using quantum Bernoulli noises, we construct a sequence of mappings J(d)n , n ≥ 0, on
T (d)(H) to describe the change in the internal degree of freedom of the walker.
• With the above-mentioned mappings J(d)n , n ≥ 0, as the main tool, we establish our model
of OQW on the d-dimensional integer lattice Zd, which we call the d-dimensional open
QBN walk.
• We obtain a quantum channel representation of the d-dimensional open QBN walk and find
that it admits the “separability-preserving” property.
• We prove that, for a wide range of choices of its initial state, the d-dimensional open QBN
walk has a limit probability distribution of d-dimensional Gauss type.
• We unveil links between the d-dimensional open QBN walk and the unitary quantum walk
recently introduced in [18], which was called the d-dimensional QBN walk therein.
Some other interesting results are also proven.
The paper is organized as follows. In Subsection 2.1, we briefly recall some necessary notions
and facts about quantum Bernoulli noises. Subsections 2.2, 2.3 and 2.4 are one part of our main
work, which includes several technical theorems we prove, the definition of our model of OQW
(namely the d-dimensional open QBN walk) and its quantum channel representation, among
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others. Another part of our main work lies in Sections 3 and 4, where we show that the walk
admits the “separability-preserving” property, we prove that, for a wide range of choices of its
initial state, the walk has a limit probability distribution of d-dimensional Gauss type, and finally
we show links between the d-dimensional open QBN walk and the unitary quantum walk recently
introduced in [18].
Throughout this paper, Z always denotes the set of all integers, while N means the set of all
nonnegative integers. For a positive integer d ≥ 2, we use Zd to mean the d-dimensional integer
lattice. We denote by Γ the finite power set of N, namely
Γ = { σ | σ ⊂ N and #σ <∞}, (1.1)
where #σ means the cardinality of σ. If X is a Hilbert space and d ≥ 2 a positive integer, then
X⊗n denotes the d-fold tensor product of X . We denote by B(X ) the set of all bounded linear
operators on X . As usual, a density operator on a Hilbert space means a positive operator of
trace class with unit trace on that space. By convention, TrA denotes the trace of an operator
of trace class A. Unless otherwise stated, letters like j, k and n stand for nonnegative integers,
namely elements of N.
2 Definition of walk and its basic properties
In this section, we first define our model of OQW (open quantum walk) on the d-dimensional
integer lattice Zd by using quantum Bernoulli noises, which we will call the d-dimensional open
QBN walk, and then we examine its basic properties.
2.1 Quantum Bernoulli noises
We first briefly recall some necessary notions and facts about quantum Bernoulli noises. We refer
to [14] for details about quantum Bernoulli noises.
Let Ω be the set of all functions f : N 7→ {−1, 1}, and (ζn)n≥0 the sequence of canonical
projections on Ω given by
ζn(f) = f(n), f ∈ Ω. (2.1)
Let F be the σ-field on Ω generated by the sequence (ζn)n≥0, and (pn)n≥0 a given sequence of
positive numbers with the property that 0 < pn < 1 for all n ≥ 0. Then there exists a unique
probability measure P on F such that
P ◦ (ζn1 , ζn2 , · · · , ζnk)−1
{
(ǫ1, ǫ2, · · · , ǫk)
}
=
k∏
j=1
p
1+ǫj
2
j (1− pj)
1−ǫj
2 (2.2)
for nj ∈ N, ǫj ∈ {−1, 1} (1 ≤ j ≤ k) with ni 6= nj when i 6= j and k ∈ N with k ≥ 1. Thus
one has a probability measure space (Ω,F ,P), which is referred to as the Bernoulli space and
random variables on it are known as Bernoulli functionals.
Let Z = (Zn)n≥0 be the sequence of Bernoulli functionals generated by sequence (ζn)n≥0,
namely
Zn =
ζn + qn − pn
2
√
pnqn
, n ≥ 0, (2.3)
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where qn = 1 − pn. Clearly Z = (Zn)n≥0 is an independent sequence of random variables on
the probability measure space (Ω,F ,P). Let H be the space of square integrable complex-valued
Bernoulli functionals, namely
H = L2(Ω,F ,P). (2.4)
We denote by 〈·, ·〉 the usual inner product of the space H, and by ‖ · ‖ the corresponding norm.
It is known that Z has the chaotic representation property. Thus Z = {Zσ | σ ∈ Γ} form an
orthonormal basis (ONB) of H, which is known as the canonical ONB of H. Here Z∅ = 1 and
Zσ =
∏
j∈σ
Zj , σ ∈ Γ, σ 6= ∅. (2.5)
Clearly H is infinite-dimensional as a complex Hilbert space.
It can be shown that [14], for each k ∈ N, there exists a bounded operator ∂k on H such that
∂kZσ = 1σ(k)Zσ\k, ∂∗kZσ = [1− 1σ(k)]Zσ∪k σ ∈ Γ, σ ∈ Γ, (2.6)
where ∂∗k denotes the adjoint of ∂k, σ \ k = σ \ {k}, σ ∪ k = σ ∪ {k} and 1σ(k) the indicator of σ
as a subset of N.
The operators ∂k and ∂
∗
k are usually known as the annihilation and creation operators acting
on Bernoulli functionals, respectively. And the family {∂k, ∂∗k}k≥0 is referred to as quantum
Bernoulli noises.
A typical property of quantum Bernoulli noises is that they satisfy the canonical anti-commutation
relations (CAR) in equal-time [14]. More specifically, for k, l ∈ N, it holds true that
∂k∂l = ∂l∂k, ∂
∗
k∂
∗
l = ∂
∗
l ∂
∗
k , ∂
∗
k∂l = ∂l∂
∗
k (k 6= l) (2.7)
and
∂k∂k = ∂
∗
k∂
∗
k = 0, ∂k∂
∗
k + ∂
∗
k∂k = I, (2.8)
where I is the identity operator on H.
For a nonnegative integer n ≥ 0, one can define, respectively, two self-adjoint operators Ln
and Rn on H in the following manner
Ln =
1
2
(∂∗n + ∂n − I), Rn =
1
2
(∂∗n + ∂n + I). (2.9)
It then follows from the properties of quantum Bernoulli noises that the operators Ln, Rn, n ≥ 0,
form a commutative family, namely
LkLl = LlLk, RkLl = LlRk, RkRl = RlRk, k, l ≥ 0. (2.10)
Lemma 2.1. [17] For all n ≥ 0, operators Ln and Rn admit the following operational properties
L2n = −Ln, LnRn = RnLn = 0, R2n = Rn, L2n +R2n = I. (2.11)
2.2 Technical theorems
In this subsection, we prove some technical theorems, which will be used in defining our model
of OQW and examining its properties.
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In what follows, we always assume that d ≥ 2 is a given positive integer and Λ = {−1, +1}.
We denote by Λd the d-fold cartesian product of Λ, and by H⊗d the d-fold tensor product space
of H. In addition, we assume that K : H⊗d → H is a fixed unitary isomorphism. Such a unitary
isomorphism does exist because H is infinite-dimensional and separable.
To facilitate our discussions, we further write S(H) for the space of all operators of trace class
on H with the trace norm and S+(H) for the cone of all positive elements of S(H). Similarly,
we use symbol S
(H⊗d) and S+(H⊗d).
Definition 2.1. For n ≥ 0 and ε = (ε1, ε2, · · · , εd) ∈ Λd, we define
C(ε)n = K
( d⊗
j=1
B(εj)n
)
K
−1, (2.12)
where K−1 is the inverse of the unitary isomorphism K : H⊗d → H, and B(εj)n is given by
B(εj)n =
{
Ln, εj = −1;
Rn, εj = +1
(2.13)
for i = 1, 2, · · · , d.
It can be shown that, for all n ≥ 0, {C(ε)n | ε ∈ Λd} are self-adjoint operators on H. And
moreover, they admit the following useful properties: C
(ε)
n C
(ε′)
n = 0 for ε, ε′ ∈ Λd with ε 6= ε′;
and their sum
∑
ε∈Λd C
(ε)
n is a unitary operator on H (see [18] for details).
Theorem 2.2. Let n ≥ 0. Then ∑ε∈Λd C(ε)n C(ε)n = I, where I denotes the identity operator on
H.
Proof. By the definition of B−1n and B
(+1)
n and Lemma 2.1, we have∑
εj∈Λ
B(εj)n B
(εj)
n = B
(−1)
n B
(−1)
n +B
(+1)
n B
(+1)
n = L
2
n +R
2
n = I
for j = 1, 2, · · · , d, where I denotes the identity operator on H. Making tensor products gives
∑
ε∈Λd
( d⊗
j=1
B(εj)n
)( d⊗
j=1
B(εj)n
)
=
∑
ε∈Λd
( d⊗
j=1
B(εj)n B
(εj)
n
)
=
d⊗
j=1
∑
εj∈Λ
B(εj)n B
(εj)
n =
d⊗
j=1
I.
This, together with the definition of C
(ε)
n as well as properties of the unitary isomorphism K,
yields ∑
ε∈Λd
C(ε)n C
(ε)
n = K
[ ∑
ε∈Λd
( d⊗
j=1
B(εj)n
)( d⊗
j=1
B(εj)n
)]
K
−1 = K
[ d⊗
j=1
I
]
K
−1 = I.
Here we note that
⊗d
j=1 I is just the identity operator on H⊗d.
Theorem 2.3. For all ̺ ∈ S+(H) and n ≥ 0, the sum operator
∑
ε∈Λd C
(ε)
n ̺C
(ε)
n belongs to
S+(H), and moreover it holds true that
Tr
[ ∑
ε∈Λd
C(ε)n ̺C
(ε)
n
]
= Tr̺. (2.14)
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Proof. For each ε ∈ Λd, C(ε)n ̺C(ε)n is a positive operator of trace class on H since ̺ is such an
operator and C
(ε)
n is self-adjoint. Thus
∑
ε∈Λd C
(ε)
n ̺C
(ε)
n is also a positive operator of trace class
on H, namely it belongs to S+(H). Now, by using Theorem 2.2, we find
Tr
[ ∑
ε∈Λd
C(ε)n ̺C
(ε)
n
]
=
∑
ε∈Λd
Tr
[
̺C(ε)n C
(ε)
n
]
= Tr
[
̺
∑
ε∈Λd
C(ε)n C
(ε)
n
]
= Tr̺.
This completes the proof.
Definition 2.2. A d-dimensional nucleus ω on H is a mapping ω : Zd → S+(H) satisfying that∑
x∈Zd
Tr[ω(x)] = 1. (2.15)
The set of all d-dimensional nucleuses on H is denoted as T (d)(H).
It can be seen that, for each d-dimensional nucleus ω ∈ T (d)(H), the corresponding function
x 7→ Tr[ω(x)] defines a probability distribution on Zd.
Theorem 2.4. For each n ≥ 0, there exists a mapping J(d)n : T (d)(H)→ T (d)(H) such that[
J(d)n ω
]
(x) =
∑
ε∈Λd
C(ε)n ω(x− ε)C(ε)n , x ∈ Zd, ω ∈ T (d)(H), (2.16)
where
∑
ε∈Λd means to sum over Λ
d.
Proof. Let n ≥ 0. For each ω ∈ T (d)(H), there is naturally a mapping ω′ on Zd associated with
ω in the following way
ω′(x) =
∑
ε∈Λd
C(ε)n ω(x− ε)C(ε)n , x ∈ Zd.
We observe that C
(ε)
n ω(x − ε)C(ε)n ∈ S+(H) for all x ∈ Zd and all ε ∈ Λd, which implies that
ω′(x) ∈ S+(H) for all x ∈ Zd, hence ω′ is a mapping from Zd to S+(H).
Next we show that
∑
x∈Zd Tr[ω
′(x)] = 1. In fact, for each x ∈ Zd, by Theorem 2.3 we have∑
ε∈Λd
Tr
[
C(ε)n ω(x)C
(ε)
n
]
= Tr[ω(x)].
Thus, in view of the fact that all the series involved have positive terms, we get∑
x∈Zd
Tr[ω′(x)] =
∑
x∈Zd
∑
ε∈Λd
Tr
[
C(ε)n ω(x− ε)C(ε)n
]
=
∑
x∈Zd
∑
ε∈Λd
Tr
[
C(ε)n ω(x)C
(ε)
n
]
=
∑
x∈Zd
Tr[ω(x)],
which together with ω ∈ T (d)(H) implies that ∑x∈Zd Tr[ω′(x)] = 1. Now, according to Defini-
tion 2.2, we know that ω′ ∈ T (d)(H). Finally, we define a mapping J(d)n : T (d)(H) → T (d)(H)
as
J(d)n ω = ω
′, ω ∈ T (d)(H).
Then J
(d)
n is the desired.
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2.3 Definition of walk
This subsection first offers the definition of our model of OQW and then examines its basic
properties.
As mentioned above, we call a positive operator of trace class (on a Hilbert space) a density
operator if it has unit trace. Recall that d ≥ 2 is a given positive integer. We denote by l2(Zd)
the space of square summable complex-valued functions on the d-dimensional integer lattice Zd.
As a Hilbert space, l2(Zd) has a countable orthonormal basis
{
δx | x ∈ Zd
}
, which is known as
the canonical ONB of l2(Zd), where δx is the function on Z
d given by
δx(z) =
{
1, z = x, z ∈ Zd;
0, z 6= x, z ∈ Zd.
By convention, we use |δx〉〈δx| to mean the Dirac operator associated with δx, which is a density
operator on l2(Zd).
By the general theory of trace class operators on a Hilbert space [10], one can easily come
to the next lemma, which provides a way to construct a density operator on the tensor space
l2(Zd)⊗H from the canonical ONB of l2(Zd) and elements of T (d)(H).
Lemma 2.5. Let ω ∈ T (d)(H). Then, for each x ∈ Zd, |δx〉〈δx| ⊗ ω(x) is a positive operator of
trace class on l2(Zd)⊗H. Moreover, the operator series∑
x∈Zd
|δx〉〈δx| ⊗ ω(x) (2.17)
is convergent in the trace operator norm and its sum operator is a density operator on l2(Zd)⊗H.
With help of this lemma, we are now ready to introduce our model of OQW as follows.
Definition 2.3. The d-dimensional open QBNwalk is an open quantum walk on the d-dimensional
integer lattice Zd that admits the following features.
• Its states are represented by density operators on the tensor space l2(Zd)⊗H.
• Let ω˜(n) be the state of the walk at time n ≥ 0. Then ω˜(n) takes the form
ω˜(n) =
∑
x∈Zd
|δx〉〈δx| ⊗ ω(n)(x), (2.18)
where ω(n) ∈ T (d)(H), which is called the nucleus of the state ω˜(n).
• The time evolution of the walk is governed by equation
ω(n+1) = J(d)n ω
(n), n ≥ 0, (2.19)
where ω(n+1) and ω(n) are the nucleuses of the states ω˜(n+1) and ω˜(n), respectively and J
(d)
n
is the mapping described in Theorem 2.4.
In that case, the function x 7→ Tr[ω(n)(x)] on Zd is called the probability distribution of the walk
at time n ≥ 0, while the quantity Tr[ω(n)(x)] is the probability to find out the walker at position
x ∈ Zd and time n ≥ 0. By convention, the state ω˜(0) of the walk at time n = 0 is usually known
as its initial state.
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Physically, l2(Zd) describes the position of the walk, while H describes the internal degrees
of freedom of the walk. As shown above, H is infinitely dimensional, which means that the
d-dimensional open QBN walk has infinitely many internal degrees of freedom.
Remark 2.1. It is not hard to see that the d-dimensional open QBN walk is completely deter-
mined by the nucleus sequence of its states. Let
(
ω(n)
)
n≥0 be the nucleus sequence of states of the
d-dimensional open QBN walk. Then, by Theorem 2.4, one has the following evolution relations
ω(n+1)(x) =
∑
ε∈Λd
C(ε)n ω
(n)(x− ε)C(ε)n , x ∈ Zd, n ≥ 0, (2.20)
which actually give an alternative description of the evolution of the d-dimensional open QBN
walk.
2.4 Quantum channel representation
In this subsection, we mainly offer a quantum channel representation of the d-dimensional open
QBN walk.
For n ≥ 0 and x, y ∈ Zd, we define an operator M (n)(x, y) on the tensor space l2(Zd)⊗H as
M (n)x,y =
{
|δx〉〈δy| ⊗ C(x−y)n , x− y ∈ Λd;
0, x− y /∈ Λd. (2.21)
Clearly, for each n ≥ 0, the operator family {M (n)x,y | x, y ∈ Zd} is infinite and countable.
Theorem 2.6. For each n ≥ 0, the countable family {M (n)x,y | x, y ∈ Zd} of operators satisfies
the following relation ∑
x,y∈Zd
M (n)x,y
∗
M (n)x,y = I, (2.22)
where M
(n)
x,y
∗
means the adjoint of M
(n)
x,y , I denotes the identity operator on l2(Zd) ⊗H and the
operator series converges strongly.
Proof. First, for each y ∈ Zd, we find that there are at most finitely many x ∈ Zd such that
M
(n)
x,y 6= 0, which implies that the series
∑
x∈Zd M
(n)
x,y
∗
M
(n)
x,y is actually a sum of finitely many
summands. On the other hand, for each y ∈ Zd, by a direct calculation we have∑
x∈Zd
M (n)x,y
∗
M (n)x,y =
∑
x−y∈Λd
(|δx〉〈δy| ⊗ C(x−y)n )∗(|δx〉〈δy| ⊗ C(x−y)n )
=
∑
x−y∈Λd
(|δy〉〈δx| ⊗ C(x−y)n )(|δx〉〈δy| ⊗ C(x−y)n )
=
∑
x−y∈Λd
|δy〉〈δy| ⊗
(
C(x−y)n C
(x−y)
n
)
= |δy〉〈δy| ⊗
∑
x−y∈Λd
C(x−y)n C
(x−y)
n
= |δy〉〈δy| ⊗ IH.
Therefore, using the fact that the series
∑
y∈Zd |δy〉〈δy| strongly converges to Il2(Zd), we finally
come to ∑
x,y∈Zd
M (n)x,y
∗
M (n)x,y =
∑
y∈Zd
∑
x∈Zd
M (n)x,y
∗
M (n)x,y =
∑
y∈Zd
|δy〉〈δy| ⊗ IH = Il2(Zd) ⊗ IH = I.
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Here, Il2(Zd) and IH mean the identity operators on l2(Zd) and H, respectively.
As above, we denote by S
(
l2(Zd)⊗H) the space of trace class operators on l2(Zd)⊗H. Then,
by the general theory of trace class operators [10], for each n ≥ 0 and each ω˜ ∈ S(l2(Zd) ⊗H),
the operator series ∑
x,y∈Zd
M (n)x,y ω˜ M
(n)
x,y
∗
converges in the trace norm, and moreover its sum still belongs to S
(
l2(Zd)⊗H).
Definition 2.4. For n ≥ 0, we define a mapping M(n) : S(l2(Zd)⊗H)→ S(l2(Zd)⊗H) as
M
(n)(ω˜) =
∑
x,y∈Zd
M (n)x,y ω˜ M
(n)
x,y
∗
, ω˜ ∈ S(l2(Zd)⊗H), (2.23)
where
∑
x,y∈Zd means to sum for all x, y ∈ Zd.
From a point of quantum information theory [8], the mapping M(n) is actually a quantum
channel of Krauss type. The next result then gives a quantum channel representation of the
d-dimensional open QBN walk.
Theorem 2.7. Let
(
ω˜(n)
)
n≥0
the state sequence of the d-dimensional open QBN walk. Then it
satisfies the following evolution equation
ω˜(n+1) = M(n)
(
ω˜(n)
)
, n ≥ 0. (2.24)
Proof. Let n ≥ 0. By Definition 2.3, ω˜(n) has a representation of the following form
ω˜(n) =
∑
z∈Zd
|δz〉〈δz| ⊗ ω(n)(z),
where the series converges strongly. For x, y ∈ Zd with x− y ∈ Λd, in view of the fact
|δx〉〈δy| |δz〉〈δz| =
{
|δx〉〈δy|, z = y;
0, z = y, z ∈ Zd,
we have
M (n)x,y ω˜
(n)M (n)x,y
∗
=
[|δx〉〈δy| ⊗ C(x−y)n ][ ∑
z∈Zd
|δz〉〈δz| ⊗ ω(n)(z)
][|δx〉〈δy| ⊗ C(x−y)n ]∗
=
[|δx〉〈δy| ⊗ (C(x−y)n ω(n)(y))][|δx〉〈δy| ⊗ C(x−y)n ]∗
=
[|δx〉〈δy| ⊗ (C(x−y)n ω(n)(y))][|δy〉〈δx| ⊗ C(x−y)n ]
= |δx〉〈δx| ⊗
(
C(x−y)n ω
(n)(y)C(x−y)n
)
.
For x, y ∈ Zd with x− y ∈ Λd, in view of M (n)x,y = 0, we simply have M (n)x,y ω˜(n)M (n)x,y
∗
= 0. Thus,
for each y ∈ Zd, as a sum actually with a finite number of summands,∑
x∈Zd
M (n)x,y ω˜
(n)M (n)x,y
∗
=
∑
x−y∈Λd
M (n)x,y ω˜
(n)M (n)x,y
∗
=
∑
x−y∈Λd
|δx〉〈δx| ⊗
(
C(x−y)n ω
(n)(y)C(x−y)n
)
=
∑
ε∈Λd
|δy+ε〉〈δy+ε| ⊗
(
C(ε)n ω
(n)(y)C(ε)n
)
.
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Therefore
M
(n)
(
ω˜(n)
)
=
∑
y∈Zd
∑
x∈Zd
M (n)x,y ω˜
(n)M (n)x,y
∗
=
∑
y∈Zd
∑
ε∈Λd
|δy+ε〉〈δy+ε| ⊗
(
C(ε)n ω
(n)(y)C(ε)n
)
=
∑
x∈Zd
|δx〉〈δx| ⊗
∑
ε∈Λd
C(ε)n ω
(n)(x− ε)C(ε)n
=
∑
x∈Zd
|δx〉〈δx| ⊗ ω(n+1)(x)
= ω˜(n+1).
Here we make use of the strong convergence of the involved series.
3 Probability distribution of walk
In the present section, we consider the d-dimensional open QBN walk from a perspective of proba-
bility distribution. We first show that the d-dimensional open QBN walk admits the “separability-
preserving” property, and then, based on this property, we calculate explicitly the limit probability
distribution of the walk for a wide range of choices of its initial state.
3.1 Separability-preserving property
Let T (H) be the 1-dimensional counterpart of the d-dimensional nucleus set T (d)(H), namely
T (H) =
{
ρ : Z→ S+(H)
∣∣∣ ∞∑
x=−∞
Tr[ρ(x)] = 1
}
. (3.1)
Elements of T (H) are called 1-dimensional nucleuses on H.
Lemma 3.1. [17] For each n ≥ 0, there exists a mapping Jn : T (H)→ T (H) such that
[Jnρ](x) = Lnρ(x+ 1)Ln +Rnρ(x− 1)Rn, x ∈ Z, ρ ∈ T (H). (3.2)
By this Lemma, we find that (
∏n
k=0 Jk) ρ ∈ T (H) for all n ≥ 0 whenever ρ ∈ T (H), where∏n
k=0 Jk means the composition of mappings J0, J1, · · · , Jn.
Theorem 3.2. Let ρ1, ρ2, · · · , ρd ∈ T (H) be 1-dimensional nucleuses on H. Define
ω(x) = K
( d⊗
j=1
ρj(xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd. (3.3)
Then ω ∈ T (d)(H), namely ω is a d-dimensional nucleus on H.
Proof.
∑
x∈Zd
Tr[ω(x)] =
∑
x∈Zd
Tr
[ d⊗
j=1
ρj(xj)
]
=
∑
x∈Zd
d∏
j=1
Tr[ρj(xj)] =
d∏
j=1
∑
xj∈Z
Tr[ρj(xj)] =
d∏
j=1
1 = 1.
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Definition 3.1. A d-dimensional nucleus ω ∈ T (d)(H) is said to to be separable if there exist
1-dimensional nucleuses ρ1, ρ2, · · · , ρd ∈ T (H) such that
ω(x) = K
( d⊗
j=1
ρj(xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd. (3.4)
A state ω˜(n) of the d-dimensional open QBN walk is said to be separable if its nucleus ω(n) is
separable.
The next theorem shows that all the states of the d-dimensional open QBN walk are separable
provided its initial state is separable. In other words, the d-dimensional open QBN walk has the
“separability-preserving” property.
Theorem 3.3. Let
(
ω(n)
)
n≥0 be the nucleus sequence of the states of the d-dimensional open
QBN walk. Suppose that
ω(0)(x) = K
( d⊗
j=1
ρ
(0)
j (xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd, (3.5)
where ρ
(0)
1 , ρ
(0)
2 , · · · , ρ(0)d ∈ T (H). Then, for all n ≥ 1, ω(n) has a representation of the following
form
ω(n)(x) = K
( d⊗
j=1
ρ
(n)
j (xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd, (3.6)
where
ρ
(n)
j =
( n−1∏
k=0
Jk
)
ρ
(0)
j (3.7)
for j = 1, 2, · · · , d.
Proof. According to Lemma 3.1, ρ
(n)
j ∈ T (H) for each j with 1 ≤ j ≤ d and each n ≥ 0. Thus,
by Theorem 3.2, there exists a sequence
(
ω′(n)
)
n≥0 in T
(d)(H) such that
ω′(n)(x) = K
( d⊗
j=1
ρ
(n)
j (xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd, n ≥ 0. (3.8)
In particular, we have
ω′(0)(x) = K
( d⊗
j=1
ρ
(0)
j (xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd,
which, together with the assumption given in (3.5), implies that ω(0) = ω′(0).
On the other hand, for n ≥ 1, by (3.7) we have ρ(n)j = Jn−1ρ(n−1)j , 1 ≤ j ≤ d, which together
with Lemma 3.1 implies that
ρ
(n)
j (xj) =
∑
εj∈Λ
B
(εj)
n−1ρ
(n−1)
j (xj − εj)B(εj)n−1, xj ∈ Z, 1 ≤ j ≤ d.
Here B
(−1)
n−1 = Ln−1 and B
(+1)
n−1 = Rn−1 as indicated in Definition 2.1. Taking tensor product
gives
d⊗
j=1
ρ
(n)
j (xj) =
∑
ε∈Λd
( d⊗
j=1
B
(εj)
n−1
)( d⊗
j=1
ρ
(n−1)
j (xj − εj)
)( d⊗
j=1
B
(εj)
n−1
)
,
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x = (x1, x2, · · · , xd) ∈ Zd, n ≥ 1, where ε = (ε1, ε2, · · · , εd). This, together with (3.8) and
Definition 2.1, yields
ω′(n)(x) =
∑
ε∈Λd
C
(ε)
n−1ω
′(n−1)(x− ε)C(ε)n−1, x = (x1, x2, · · · , xd) ∈ Zd, n ≥ 1,
namely
ω′(n) = J(d)n−1ω
′(n−1), n ≥ 1,
which together with (2.19) and ω(0) = ω′(0) implies that ω(n) = ω′(n) for all n ≥ 0, which together
with (3.8) gives (3.6).
As an immediate consequence of the previous theorem, we have the following corollary, which
gives a formula for calculating the probability distributions of the d-dimensional open QBN walk.
Corollary 3.4. Let the nucleus ω(0) of the initial state of the d-dimensional open QBN walk take
the following form
ω(0)(x) = K
( d⊗
j=1
ρ
(0)
j (xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd, (3.9)
where ρ
(0)
1 , ρ
(0)
2 , · · · , ρ(0)d ∈ T (H). Then, at time n ≥ 1, the walk has a probability distribution
of the following form
Tr
[
ω(n)(x)
]
=
d∏
j=1
Tr
[
ρ
(n)
j (xj)
]
, x = (x1, x2, · · · , xd) ∈ Zd, (3.10)
where
ρ
(n)
j =
( n−1∏
k=0
Jk
)
ρ
(0)
j (3.11)
for j = 1, 2, · · · , d.
3.2 Limit probability distribution
Let ρ be a 1-dimensional nucleus onH, namely ρ ∈ T (H). A sequence (ρ(n))
n≥0 of 1-dimensional
nucleuses on H is said to be generated by ρ and (Jn)n≥0 if ρ(0) = ρ and
ρ(n+1) = Jnρ
(n), n ≥ 0.
We note that if a sequence
(
ρ(n)
)
n≥0 is generated by ρ and
(
Jn
)
n≥0, then ρ
(0) = ρ and
ρ(n) =
( n−1∏
k=0
Jk
)
ρ(0), n ≥ 1,
where
∏n−1
k=0 Jk means the composition of mappings { Jk | 0 ≤ k ≤ n− 1 }.
Definition 3.2. A 1-dimensional nucleus ρ on H is said to be regular if the sequence (ρ(n))
n≥0
generated by ρ and
(
Jn
)
n≥0 satisfies that
lim
n→∞
∑
x∈Z
e
itx√
nTr
[
ρ(n)(x)
]
= e−
t2
2 , t ∈ R.
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The next example shows that there exist infinitely many 1-dimensional nucleuses on H that
are regular.
Example 3.1. Let σ ∈ Γ and Zσ the corresponding basis vector of the canonical ONB of H.
Define
ρσ(x) =
{
|Zσ〉〈Zσ|, x = 0;
0, x 6= 0, x ∈ Z, (3.12)
where |Zσ〉〈Zσ| is the Dirac operator associated with the basis vector Zσ. Then ρσ is a regular
1-dimensional nucleus on H.
Proof. Clearly ρσ is a 1-dimensional nucleus on H. Next we show that it is also regular. To this
end, we consider the space l2(Z,H) of square summable H-valued functions defined on Z, which
is endowed the usual inner product and norm. It can be verified (see [15] and references therein)
that for each n ≥ 0, there exists a unitary operator Un on l2(Z,H) such that
(UnΦ)(x) = RnΦ(x− 1) + LnΦ(x+ 1), x ∈ Z, Φ ∈ l2(Z,H). (3.13)
Now define Φn =
(∏n−1
k=0 Uk
)
Φ0, n ≥ 1, where Φ0 ∈ l2(Z,H) is taken as
Φ0(x) =
{
Zσ, x = 0;
0, x 6= 0, x ∈ Z.
Then, by a result recently proven by Wang et al (see [15] for details), we have
‖Φn(x)‖2 =
{
1
2n
(
n
j
)
, x = n− 2j, 0 ≤ j ≤ n;
0, otherwise,
(3.14)
for all n ≥ 1. On the other hand, let (ρ(n))
n≥0 be the 1-dimensional nucleus sequence on H
generated by ρσ and
(
Jn
)
n≥0. Then, by a careful check, we find that
ρ(0)(x) = ρσ(x) = |Φ0(x)〉〈Φ0(x)|, x ∈ Z.
This, together with Theorem 4.2 of [17], as well as (3.14), implies that
Tr[ρ(n)(x)] =
{
1
2n
(
n
j
)
, x = n− 2j, 0 ≤ j ≤ n;
0, otherwise.
(3.15)
Consequently, by a careful calculation, we finally come to
lim
n→∞
∑
x∈Z
e
itx√
nTr
[
ρ(n)(x)
]
= lim
n→∞ cos
n t√
n
= e−
t2
2 , t ∈ R,
which means that ρσ is regular.
The next theorem shows that, for a wide range of choices of its initial state, the d-dimensional
open QBN walk has a limit probability distribution of d-dimensional Gauss type.
Theorem 3.5. Let
(
ω˜(n)
)
n≥0 be the state sequence of the d-dimensional open QBN walk and
ω(n) the nucleus of ω˜(n), n ≥ 0. Suppose that the nucleus ω(0) of the initial state ω˜(0) takes the
following form
ω(0)(x) = K
( d⊗
j=1
ρ
(0)
j (xj)
)
K
−1, x = (x1, x2, · · · , xd) ∈ Zd, (3.16)
where
{
ρ
(0)
j | 1 ≤ j ≤ d
}
are regular 1-dimensional nucleuses on H. For n ≥ 0, let Xn be a
d-dimensional random vector with probability distribution
P{Xn = x} = Tr[ω(n)(x)], x ∈ Zd. (3.17)
Then
Xn√
n
=⇒ N(0, Id×d),
namely Xn√
n
converges in law to the d-dimensional standard Gauss distribution as n→∞.
Proof. Let n ≥ 1. Consider the characteristic function CXn√
n
(t) of the random vector Xn√
n
. By
definition, we have
CXn√
n
(t) =
∑
x∈Zd
e
i√
n
∑
d
j=1 tjxjTr[ω(n)(x)], t = (t1, t2, · · · , td) ∈ Rd, (3.18)
where x = (x1, x2, · · · , xd). Using Corollary 3.4 gives
CXn√
n
(t) =
d∏
j=1
( ∑
xj∈Z
e
itjxj√
n Tr
[
ρ
(n)
j (xj)
])
, t = (t1, t2, · · · , td) ∈ Rd,
where
ρ
(n)
j =
( n−1∏
k=0
Jk
)
ρ
(0)
j , 1 ≤ j ≤ d.
Now consider limn→∞ CXn√
n
(t). For each j, since ρ
(0)
j is regular and
(
ρ
(n)
j
)
n≥0 is generated by ρ
(0)
j
and
(
Jn
)
n≥0, we have
lim
n→∞
∑
xj∈Z
e
itjxj√
n Tr
[
ρ
(n)
j (xj)
]
= e−
t2j
2 , tj ∈ R,
which implies that
lim
n→∞CXn√n
(t) =
d∏
j=1
(
lim
n→∞
∑
xj∈Z
e
itjxj√
n Tr
[
ρ
(n)
j (xj)
])
=
d∏
j=1
e−
t2
j
2 = e−
1
2
∑d
j=1 t
2
j ,
t = (t1, t2, · · · , td) ∈ Rd. Thus, Xn√n converges in law to the d-dimensional standard Gauss
distribution as n→∞.
4 Links with unitary quantum walk
In the final section, we unveil links between the d-dimensional open QBN walk and the unitary
quantum walk recently introduced in [18], which was called the d-dimensional QBN walk therein.
As before, d ≥ 2 is a given positive integer. We denote by l2(Zd,H) the space of square
summable functions defined on Zd and valued in H, namely
l2
(
Zd,H) = {W : Zd → H ∣∣∣ ∑
x∈Zd
‖W (x)‖2 <∞
}
, (4.1)
where ‖ · ‖ is the norm in H. It is known that l2(Zd,H) forms a separable Hilbert space with the
inner product induced by the that in H.
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Recall that, for each n ≥ 0, {C(ε)n | ε ∈ Λd} are self-adjoint operators on H with properties
that: C
(ε)
n C
(ε′)
n = 0 for ε, ε′ ∈ Λd with ε 6= ε′; and their sum
∑
ε∈Λd C
(ε)
n is a unitary operator on
H (see Subsection 2.2 for details). Using these facts, we can prove that there exists a sequence
of unitary operators
(U (d)n )n≥0 on l2(Zd,H) such that(U (d)n W )(x) = ∑
ε∈Λd
C(ε)n W (x− ε), x ∈ Zd, W ∈ l2
(
Zd,H), n ≥ 0. (4.2)
With these unitary operators as the evolution operators, the authors of [18] introduced a unitary
quantum walk on the d-dimensional integer lattice Zd in the following manner.
Definition 4.1. [18] The d-dimensional QBN walk is a discrete-time unitary quantum walk on
the d-dimensional integer lattice Zd that satisfies the following requirements.
• Its states are represented by unit vectors in space l2(Zd,H).
• The time evolution of the walk is governed by equation
Wn+1 = U (d)n Wn, n ≥ 0, (4.3)
where Wn ∈ l2
(
Zd,H) denotes the state of the walk at time n ≥ 0, and in particular W0 is
the initial state of the walk.
In that case, the function x 7→ ‖Wn(x)‖2 on Zd is called the probability distribution of the walk
at time n ≥ 0, while the quantity ‖Wn(x)‖2 is the probability to find out the walker at position
x ∈ Zd and time n ≥ 0.
Remark 4.1. According to (4.2), which describes the definition of unitary operators U (d)n , the
evolution equation of the d-dimensional QBN walk can also be represented as
Wn+1(x) =
∑
ε∈Λd
C(ε)n Wn(x− ε), x ∈ Zd, n ≥ 0, (4.4)
which is more convenient to use.
As is seen, the d-dimensional QBN walk is driven by the sequence
(U (d)n )n≥0 of unitary oper-
ators. Hence it belongs to the category of unitary quantum walks. In other words, it is indeed a
unitary quantum walk. The next result shows links between the d-dimensional open QBN walk
and the d-dimensional QBN walk.
Theorem 4.1. Let
(
ω˜(n)
)
n≥0 be the state sequence of the d-dimensional open QBN walk, where
ω(n) is the nucleus of ω˜(n). Let
(
Wn
)
n≥0 be the state sequence of the d-dimensional QBN walk.
Suppose that
ω(0)(x) = |W0(x)〉〈W0(x)|, x ∈ Zd, (4.5)
where |W0(x)〉〈W0(x)| is the Dirac operator associated with W0(x). Then, for all n ≥ 0, it holds
that
Tr
[
ω(n)(x)
]
= ‖Wn(x)‖2, x ∈ Zd. (4.6)
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Proof. We first recall some algebraic and analytical properties of operators C
(ε)
n . As is indicated
above, for each n ≥ 0, {C(ε)n | ε ∈ Λd} are self-adjoint operators on H with the property that
C
(ε)
n C
(ε′)
n = 0 for ε, ε′ ∈ Λd with ε 6= ε′, which implies that∥∥∥ ∑
ε∈Λd
C(ε)n ξε
∥∥∥2 = ∑
ε∈Λd
∥∥C(ε)n ξε∥∥2 (4.7)
whenever
{
ξε | ε ∈ Λd
} ⊂ H. And moreover, it follows from (2.10) and Definition 2.1 that all
the operators
{
C
(ε)
n | ε ∈ Λd, n ≥ 0
}
form a commutative family.
Now we consider (4.6). Clearly, it holds for n = 0. In the following, we let n ≥ 1 and x ∈ Zd.
Using (4.4) and (4.7) gives
‖Wn(x)‖2 =
∑
ε(n−1)∈Λd
∥∥C(ε(n−1))n−1 Wn−1(x− ε(n−1))∥∥2,
where, by using the commutativity of the family
{
C
(ε)
k | ε ∈ Λd, k ≥ 0
}
and (4.7), we have∥∥C(ε(n−1))n−1 Wn−1(x− ε(n−1))∥∥2 = ∑
ε(n−2)∈Λd
∥∥C(ε(n−1))n−1 C(ε(n−2))n−2 Wn−2(x− ε(n−1) − ε(n−2))∥∥2.
Thus
‖Wn(x)‖2 =
∑
ε(n−1)∈Λd
∑
ε(n−2)∈Λd
∥∥C(ε(n−1))n−1 C(ε(n−2))n−2 Wn−2(x− ε(n−1) − ε(n−2))∥∥2.
It then follows by the induction that
‖Wn(x)‖2 =
∑
ε(n−1)∈Λd
· · ·
∑
ε(0)∈Λd
∥∥C(ε(n−1))n−1 · · ·C(ε(0))0 W0(x− ε(n−1) − · · · − ε(0))∥∥2. (4.8)
Similarly, repeatedly using the evolution relation (2.20) of the d-dimensional open QBN walk
yields that
ω(n)(x) =
∑
ε(n−1)∈Λd
· · ·
∑
ε(0)∈Λd
C
(ε(n−1))
n−1 · · ·C(ε
(0))
0 ω
(0)
(
x− ε(n−1) − · · · − ε(0))C(ε(0))0 · · ·C(ε(n−1))n−1 .
Taking the trace gives
Tr
[
ω(n)(x)
]
=
∑
ε(n−1)∈Λd
· · ·
∑
ε(0)∈Λd
Tr
[
C
(ε(n−1))
n−1 · · ·C(ε
(0))
0 ω
(0)
(
x− ε(n−1) − · · · − ε(0))C(ε(0))0 · · ·C(ε(n−1))n−1 ].
(4.9)
On the other hand, for ε(n−1) ∈ Λd, · · · , ε(0) ∈ Λd, by using the assumption (4.5) we find∥∥C(ε(n−1))n−1 · · ·C(ε(0))0 W0(x− ε(n−1) − · · · − ε(0))∥∥2
= Tr
[∣∣C(ε(n−1))n−1 · · ·C(ε(0))0 W0(x− ε(n−1) − · · · − ε(0))〉〈C(ε(n−1))n−1 · · ·C(ε(0))0 W0(x− ε(n−1) − · · · − ε(0))∣∣]
= Tr
[
C
(ε(n−1))
n−1 · · ·C(ε
(0))
0 ω
(0)
(
x− ε(n−1) − · · · − ε(0))C(ε(0))0 · · ·C(ε(n−1))n−1 ],
which, together with (4.8) and (4.9), implies that Tr
[
ω(n)(x)
]
= ‖Wn(x)‖2.
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Remark 4.2. It should be mentioned that under the conditions given in Theorem 4.1, one has,
in general, that
ω(n)(x) 6= |Wn(x)〉〈Wn(x)|, x ∈ Zd, n ≥ 1. (4.10)
This suggests that the d-dimensional open QBN walk is mathematically different from the d-
dimensional QBN walk.
However, from a perspective of physical realization, transition may happen between these two
walks. As an immediate consequence of Theorem 4.1, the next corollary describes the limit case
when such transition happens.
Corollary 4.2. Let the initial state ω˜(0) of the d-dimensional open QBN walk be such that
ω˜(0) =
∑
x∈Zd
|δx〉〈δx| ⊗ |W0(x)〉〈W0(x)|, (4.11)
where W0 is the initial state of the d-dimensional QBN walk. Then, the d-dimensional open QBN
walk has a limit probability distribution if and only if the d-dimensional QBN walk has a limit
probability distribution. In that case, their limit probability distributions are identical.
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